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Transport coefficients for Coulomb collision processes, e.g., friction, energy exchange, and resistivity, are cal-
culated for Debye-screened (Yukawa) plasmas including correlation effects within the binary collision approxi-
mation. A generalized Coulomb logarithm, Ξ(Λ), is required, which asymptotes to ln Λ in the weakly coupled
limit, but is significantly modified when Λ <∼ 102 due to large angle collisions. In the regime 10−2 <∼ Λ <∼ 102,
Ξ can be substantially larger for attractive collisions than repulsive.
PACS numbers: 52.25.Fi, 52.27.Gr, 52.27.Lw, 52.25.Kn
Plasmas in several modern research areas, including
inertial confinement fusion (ICF),1 antimatter plasmas,2
ultracold plasmas,3 and dusty plasmas,4 can enter
regimes in which the central tenet of conventional plasma
kinetic theory is violated. Conventional theories5–7 are
based upon a weak coupling approximation, often re-
ferred to as “the plasma approximation,” which assumes
ln Λ  1, where Λ ' 12pinλ3D ∼ T 3/2/(Zi
√
n) is the
plasma parameter, and λD = (
∑
s λ
−2
Ds)
−1/2 is the De-
bye length (λ2Ds = Ts/4piq
2
sns). Most plasmas in space
and the laboratory are weakly coupled, ln Λ >∼ 10, but
moderate, 2 <∼ ln Λ <∼ 10, and strong, ln Λ <∼ 2, cou-
pling regimes can be reached if the plasma is extremely
dense (ICF), cold (antimatter and ultracold), or highly
charged (dusty). Understanding how Coulomb collisions
affect transport properties, such as friction, temperature
equilibration, and electrical conductivity, is essential in
order to accurately predict the behavior of these plasmas.
A generalized method of calculating transport coef-
ficients for fluid equations, which relaxes the conven-
tional weak coupling approximation, is provided. The
weak coupling approximation is utilized twice in con-
ventional theories, and both instances are avoided here.
The first instance is that conventional theories are based
on a small scattering angle expansion, or a hierarchy
expansion (BBGKY), which orders terms according to
ln Λ  1. The second instance is that a logarithmi-
cally divergent integral arises as a result of using the
bare Coulomb potential for individual particles. Debye
screening is introduced, and the integral kept finite, by
imposing an ad-hoc cutoff for the maximum impact pa-
rameter at the Debye length. This cutoff is only justi-
fied when ln Λ  1. Here, we avoid the small scattering
angle expansion by exploiting symmetries that arise in
velocity-space moments of the full Boltzmann collision
integral. The theory self-consistently accounts for Debye
screening, and thus avoids divergent integrals, by using
the screened Coulomb potential.
The screened Coulomb potential is common, but not
universal, in the plasmas mentioned above. For example,
collective interactions can cause more complex behavior
than Debye screening, such as wakes surrounding fast-
flowing particles.8 These effects are especially important
for fast particle stopping power in ICF. However, it is a
valid approximation for many processes of interest, re-
gardless of correlation strength.
We find that a generalized Coulomb logarithm, Ξ, is
required. This asymptotes to Ξ ' ln Λ in the weakly
coupled limit, but is modified significantly by correlation
effects when Λ <∼ 102. In the regime, 10−2 <∼ Λ <∼ 102, Ξ
can be substantially larger for attractive collisions than
repulsive. The present work focuses on species with flow-
ing Maxwellian distributions. However, the underlying
approach does not depend on the functional form of the
distributions and can be applied more generally. One
such example is Spitzer’s approach,9 which considers de-
viations from Maxwellian as higher-order perturbations.
The theory is based on the Boltzmann collision op-
erator, which requires that the plasma be sufficiently di-
lute to justify the binary collision approximation. Effects
of three, and more, particle collisions, as well as phase
transitions, become important at sufficiently strong cou-
pling. Nevertheless, this approach is valid for coupling
parameters (Λ−1) orders of magnitude larger than con-
ventional theory can describe. To demonstrate this, we
compare the calculated temperature relaxation rate be-
tween electrons and ions for ICF relevant parameters
with recent molecular dynamics (MD) simulations.10 Our
theory agrees with the simulation results for all values of
Λ that were simulated (10−1 <∼ Λ <∼ 103), whereas con-
ventional theories widely disagree with them for Λ <∼ 10.
Fluid codes used to simulate strongly coupled plasmas
require transport coefficients that can extend beyond the
weakly coupled Landau-Spitzer theory.5,9 Current fluid
codes disagree with MD simulations of thermal equili-
bration rates, hot spot formation, laser absorption, and
neutron yield in correlated regimes; processes essential to
accurate modeling of ICF implosions.11–13
The Boltzmann kinetic equation describing the evo-
lution of the distribution function of a species s is
∂tfs + v · ∇fs + a · ∇vfs =
∑
s′ CB(fs, fs′), in which
CB(fs, fs′) =
∫
v′
∫
Ω
d3v′dΩσ u (fˆsfˆ ′s′ − fsf ′s′) (1)
is the operator describing collisions between species s
and s′. Here fˆs = fs(vˆ), fˆ ′s′ = fs′(vˆ
′), fs = fs(v),
f ′s′ = fs′(v
′), in which (v,v′) are the initial parti-
cle velocities, and (vˆ, vˆ′) = (v + ∆v,v′ + ∆v′) are
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2the particle velocities after a collision. The differen-
tial scattering cross section is denoted σ, the solid an-
gle dΩ = dφdθ sin θ, the relative velocity u ≡ v − v′,
and u ≡ |u|. Fluid equations of motion are derived from
velocity-space moments of the plasma kinetic equation.14
Here we are interested in the effects of Coulomb col-
lisions, which enter through the friction force density
Rs−s
′
=
∫
d3vmsvC(fs, fs′), energy exchange density
Qs−s
′
=
∫
d3v 12ms(v − Vs)2C(fs, fs′), and so on for
higher-order moments. The reference resistivity, ηo, can
be obtained from the electron-ion friction force density,
Re−i ≈ ηoeneJ, where J = ene(Vi −Ve) is the current
density.
The collision operator used to evaluate Rs−s
′
and
Qs−s
′
in weakly coupled plasma theory5,6 can be ob-
tained from Eq. (1) as follows. After applying a small
scattering angle expansion (v,v′) (∆v,∆v′), integrals
of the form
{∆u} =
∫
dΩσ u∆u, (2)
as well as {∆u . . .∆u} arise,6 in which ∆u =
u[sin θ cosφ xˆ+sin θ sinφ yˆ−2 sin2(θ/2)uˆ] is the rotation
of the relative velocity vector after scattering through
angle θ. Typically, the Rutherford scattering formula
σ = q2sq
2
s′/[4m
2
ss′u
4 sin4(θ/2)] is used in Eq. (2) and
Debye screening is introduced by assuming the maxi-
mum impact parameter is the Debye length. Doing so
yields {∆u} = −4piq2sq2s′ ln(λD/bmin)/(m2ss′u2), where
bclmin = qsqs′/(mss′u
2). If bclmin is smaller than the de
Broglie wavelength, bqmmin = h¯/(2mss′u) is used.
Using the above approximations, and keeping only
terms of O[ln(λD/bmin)], the collision operator can be
written in the Landau form.5,15 Taking the distribu-
tion functions to be flowing Maxwellians, fs(v) =
ns exp[−(v −Vs)2/v2Ts]/pi3/2v3Ts, the friction force den-
sity and energy exchange density are found to be
Rs−s
′
= −nsmsνs−s′(Vs −Vs′) (3)
and
Qs−s
′
= −3mss′
ms′
nsνs−s′(Ts − Ts′), (4)
to lowest order in ln Λ 1, and |Vs−Vs′ |/v¯T  1. The
characteristic collision rate is
νs−s′ =
16
√
piq2sq
2
s′ns′
3msmss′ v¯3T
Ξ (5)
where v¯2T = v
2
Ts + v
2
Ts′ . In this weakly coupled limit,
Ξ = Ξwc = ln Λ, (6)
in which Λ is the minimum of Λcl = mss′λDv¯
2
T /|qsqs′ | or
Λqm = 2mss′λDv¯T /h¯.
Previous authors have improved the conventional the-
ory. Lenard and Balescu7 accounted for the dielectric
nature of a plasma with a method that self-consistently
obtains bmax = λD in the adiabatic limit, but misses bmin
and still diverges. Aono later showed that the Lenard-
Balescu and Landau approaches can be combined to re-
solve the logarithmic divergence issue, and others have
obtained similar results with various methods.15–19 These
theories also obtain order unity corrections that give
Ξ = ln(CΛ), where C ≈ 0.765. Although these self-
consistently derive ln Λ, they are limited to weak coupling
because they rely on a small angle scattering expansion.
Li and Petrasso20 attempted to describe moderately cou-
pled plasmas by extending the expansion procedure to
third order; again obtaining an order unity correction.
However, although the first two terms of this expansion
are the only ones with O(ln Λ) contributions, every other
term in the expansion has an order unity contribution.
One must both abandon the small angle scattering ex-
pansion, and obtain a convergent collision integral, to
include correlation effects.
The symmetry properties of the scattering process that
we use are the same as those used to derive the Boltz-
mann collision operator itself: (i) the total differential
velocity-space volume element is invariant, d3vˆd3vˆ′ =
d3vd3v′, (ii) the magnitude of the relative velocity vec-
tor is invariant, uˆ = u, and (iii) the “inverse” collision
satisfies σˆ(v,v′ → vˆ, vˆ′) = σˆ(vˆ, vˆ′ → v,v′).21 Here,
σˆ(v,v′ → vˆ, vˆ′)d3vˆd3v′, is the scattering probability,
which is related to the differential scattering cross sec-
tion, σ, by σdΩ =
∫
d3vˆd3vˆ′ σˆ(v,v′ → vˆ, vˆ′).
Transport coefficients can be determined from velocity
moments of the form
〈χ〉s−s′ =
∫
d3v χs(v)CB(fs, fs′). (7)
Here we will be interested in χs = (ms,msv,msv
2),
which are related to density, momentum, and
energy conservation. In terms of σˆ, Eq. (7)
is 〈χ〉s−s′ = ∫ d3vd3v′d3vˆd3vˆ′ σˆ(v,v′ →
vˆ, vˆ′)uχs(v)[fˆs(vˆ)fˆs′(vˆ′) − fs(v)fs′(v′)]. Making
the interchange (vˆ, vˆ′) ↔ (v,v′), and applying prop-
erties (i)–(iii) above,
∫
d3vd3v′d3vˆd3vˆ′ σˆ(v,v′ →
vˆ, vˆ′)uχs(v)fˆs(vˆ)fˆs′(vˆ′) =
∫
d3vd3v′d3vˆd3vˆ′ σˆ(v,v′ →
vˆ, vˆ′)uχs(vˆ)fs(v)fs′(v′). Thus, Eq. (7) can be written
in terms of the distribution functions before scattering
〈χ〉s−s′ =
∫
d3vd3v′ {∆χs}fs(v)fs′(v′) (8)
in which {∆χs} =
∫
dΩσ u∆χs, and ∆χs = χs(vˆ) −
χs(v).
The friction force density is simply Rs−s
′
= 〈msv〉s−s′ .
Conservation of momentum, msv+ms′v
′ = msvˆ+ms′ vˆ′,
implies ms∆v = mss′∆u, so
Rs−s
′
= mss′
∫
d3u {∆u}
∫
d3v′ fs(u+ v′)fs′(v′). (9)
The energy exchange density is Qs−s
′
= 〈 12msv2〉 −Vs ·
Rs−s
′
. Conservation of energy, msv
2 +ms′v
′2 = msvˆ2 =
3ms′ vˆ
′2, implies ∆u · ∆u = −2u · ∆u, and ms∆v2 =
mss′(v
′ +mss′u/ms′) ·∆u, so
Qs−s
′
= mss′
∫
d3u {∆u} · Iu, (10)
where Iu =
∫
d3v′(v′−Vs+mss′u/ms)fs(u+v′)fs′(v′).
Assuming the force between scattering particles is
central and conservative, σ = σ(|u|, θ), so {∆u} =
−4piuu ∫ pi
0
dθ sin θ sin2(θ/2)σ(u, θ). Taking fs and fs′ to
be flowing Maxwellians, and assuming |Vs −Vs′ |/v¯T 
1, Eqs. (9) and (10) can then be written in the identi-
cal form of Eqs. (3) and (4), but with the generalized
Coulomb logarithm
Ξ =
1
2
∫ ∞
0
dξ e−ξ
2
ξ5
σs(ξ,Λ)
σo
, (11)
replacing Eq. (6) for the collision frequency expression in
Eq. (5). In Eq. (11),
σs ≡ 4pi
∫ pi
0
dθ sin θ sin2(θ/2)σ (12)
is the momentum-transfer cross section, σo = piλ
2
D/Λ
2
cl
is a reference value for the differential scattering cross
section, and ξ = u/v¯T .
If the fluid transport timescale is long compared to the
inverse plasma frequency (νs−s′/ωps  1), the polariza-
tion response of species s is adiabatic and typically sat-
isfies the Boltzmann relation ns = no exp(−qsφ/Ts). As
long as qsφ/Ts  1, Poisson’s equation ∇2φ = −4piρq
shows that the potential around a test charge [ρq =
qtδ(x − xt) + ρpol] in a plasma ρpol =
∑
s qsns has the
Debye screened (Yukawa) form
φt =
qt
r
e−r/λD , (13)
where r = |x− xt| and λD = (
∑
s λ
−2
Ds)
−1/2.
The Debye screened potential thus requires both adi-
abaticity (νs−s′/ωps  1) and a weak interaction po-
tential (qsφ/Ts  1). These conditions are often satis-
fied in both weakly and strongly coupled plasmas. For
electron-ion collisions, Eq. (5) shows νe−i/ωpe ∼ Ξ/Λ.
Here, Λ ∼ nλ3D has been used. For weak coupling
(Λ  1), νe−i/ωpe ∼ ln Λ/Λ  1. We will find that
for strong coupling (Λ 1), νe−i/ωpe ∼ Λ ln2 Λ 1 [see
Eq. (21)]. Thus, adiabaticity can be satisfied in both
limits. For Eq. (13), |qφ/T | ∼ (bmin/r) exp(−r/λD).
At the mean separation distance r ∼ n−1/3, |qφ/T | ∼
Λ−2/3 exp(−Λ−1/3), which is also small for both weak
and strong correlation. The ratio of mean interaction
distance (n−1/3) to collision length (λe−i ∼ νe−i/vTe) is
also small in both regimes: r/λe−i ∼ Ξ/Λ4/3  1.
Quantum regime.–An analytic solution of Eq. (11) can
be obtained in the quantum regime (Λqm < Λcl). Us-
ing the Yukawa potential from Eq. (13) in the first Born
approximation yields
σqm =
σo
4piξ4
1
[Λ−2qmξ−2 + sin2(θ/2)]2
. (14)
FIG. 1. Generalized Coulomb logarithm, Ξ, from the theo-
retical prediction of Eq. (20) (solid line), and the best fit line
to the MD simulations of Dimonte10 (diamonds). Also shown
are the weakly-coupled results from conventional (dotted line)
and convergent (dashed line) kinetic theories.
The momentum scattering cross section for Eq. (14) is
σqms =
2σo
ξ4
[
ln(Λ2qmξ
2 + 1)− Λ
2
qmξ
2
1 + Λ2qmξ
2
]
. (15)
The effective Coulomb logarithm, Ξ, can be computed by
putting Eq. (15) into Eq. (11), which yields
Ξqm =
1
2
eΛ
−2
qmE1(Λ
−2
qm)(1 + Λ
−2
qm)−
1
2
, (16)
where E1(x) =
∫∞
x
dt e−t/t is the exponential integral.
For Λqm  1, Ξqm = ln Λqm− (γ+1)/2+O(Λ−2qm), where
γ ' 0.577 is Euler’s constant.
Classical regime.–For classical plasmas (Λcl < Λqm), it
is convenient to write Eq. (11) in terms of the impact
parameter b. Using dθ sin θ σ = bdb, and θ = pi − 2Θ,
where
Θ = b
∫ ∞
ro
dr
r2
√
1− Ueff(r, b)
(17)
and ro(b) solves Ueff = 1, the momentum-transfer cross
section is
σs = 4pi
∫ ∞
0
db b cos2 Θ. (18)
For the Yukawa potential of Eq. (13),
Ueff = ± 2
Λclξ2
λD
r
e−r/λD +
b2
r2
, (19)
in which + refers to the repulsive (qsqs′ > 0), and − to
the attractive (qsqs′ < 0) Yukawa potentials.
An exact analytic solution of Eqs. (17)–(19) for σs
not known, but this system has been studied numerically
and in asymptotic limits.22–25 One significant difference
that arises for classical plasmas when using the screened
4FIG. 2. Numerical solution of Ξcl(Λcl) for the attractive and
repulsive Yukawa potentials, along with the asymptotic so-
lutions from Eqs. (20) and (21) and the quantum solution,
Ξqm(Λqm), from Eq. (16).
Coulomb, rather than bare Coulomb, potential is that
Ξ changes for attractive or repulsive collisions. This is
not a feature of the quantum regime in the first Born
approximation because the solutions merge at high en-
ergy, where the Born approximation is valid. Hahn et
al.24 have studied the smooth merging of quantum and
classical solutions, which occurs when Λclξ
2 ' Λqmξ, by
accounting for the statistics of distinguishable and indis-
tinguishable particles.
Khrapak et al.25 have considered σs for attractive col-
lisions between dust particles. One complication is that
a potential barrier forms when Λclξ
2 <∼ 1/13. Above this
critical value, a good approximation of the momentum
scattering cross section is σcls ≈ 4σoξ−4 ln(1 + Λclξ2).25
Using this approximate cross section, Eq. (11) gives
Ξcl,a = exp(Λ
−1
cl )E1(Λ
−1
cl ) (20)
for the generalized Coulomb logarithm when Λcl >∼ 1/13,
which covers the weak and moderate correlation regimes.
In the weakly coupled limit Λcl  1, this returns the con-
ventional Coulomb logarithm Ξcl,a = ln Λcl−γ+O(Λ−1cl ).
Figure 1 shows a favorable comparison of Eq. (20) to the
molecular dynamics simulation results of Dimonte et al.10
In the simulations, Ξ was determined from thermal re-
laxation in an electron-ion plasma: dTe/dt ≈ 2Qe−i/3ne.
The green line, and triangles, in Fig. 1 represent the best
fit line, Ξ = ln(1+0.7Λcl), of the simulation data.
10 Also
shown are the weakly coupled results of conventional,5–7
and convergent,15–19 kinetic theories.
Beyond the barrier potential, Λclξ
2 <∼ 1/13, Khrapak
et al. show that σs ≈ AσoΛ2cl[ln2(Λclξ2) − 2 ln(Λclξ2) +O(1)], where A ' 0.81. In this strongly coupled limit,
Eq. (11) gives
Ξcl,b = (A/2)Λ2cl[ln2(Λcl) + ln(Λcl)(1− γ) +O(1)], (21)
for the generalized Coulomb logarithm. Note that A/2 '
2/5. The asymptotic solutions from Eq. (20) and (21)
are shown in Fig. 2 along with direct numerical solutions
of Eqs. (11) and (17)–(19). Both the repulsive and at-
tractive solutions asymptote to Eqs. (20) and (21) in the
large and small Λcl limits, but separate in an intermedi-
ate region (10−2 <∼ Λcl <∼ 102). Figure 2 also shows the
approximate quantum solution from Eq. (16). Although
a given collision in any plasma may be quantum or clas-
sical, depending on ξ, here we assume all collisions are
either quantum or classical. Accounting for both simul-
taneously requires Ξ = Ξ(Λcl,Λqm), which may be im-
portant in ICF plasmas that can traverse both regimes
in a single implosion.
In summary, the conventional calculation of fluid trans-
port coefficients has been generalized to include large an-
gle collisions, which are important in correlated plasmas.
Transport is more complicated in correlated regimes, e.g.,
attractive and repulsive collisions can be distinguished,
but the primary extension of conventional theory is a gen-
eralized Coulomb logarithm. This theory made use of the
Yukawa potential for individual particles, which can of-
ten be justified regardless of the correlation strength. It
is limited by the binary collision approximation, which
breaks down at sufficiently strong coupling.
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